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Abstract
In this paper we present many congruences for several Ape´ry-like sequences.
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1. Introduction
For s > 1 let ζ(s) =
∑∞
n=1
1
ns . In 1979, in order to prove that ζ(2) and ζ(3) are irrational,
Ape´ry [Ap] introduced the Ape´ry numbers {An} and {A
′
n} given by
An =
n∑
k=0
(
n
k
)2(n+ k
k
)2
and A′n =
n∑
k=0
(
n
k
)2(n+ k
k
)
.
It is well known (see [B2]) that
(n+ 1)3An+1 = (2n+ 1)(17n(n + 1) + 5)An − n
3An−1 (n ≥ 1),
(n+ 1)2A′n+1 = (11n(n + 1) + 3)A
′
n + n
2A′n−1 (n ≥ 1).
Let Z and Z+ be the set of integers and the set of positive integers, respectively. The
Ape´ry-like numbers {un} of the first kind satisfy
(1.1) u0 = 1, u1 = b, (n + 1)
3un+1 = (2n + 1)(an(n + 1) + b)un − cn
3un−1 (n ≥ 1),
where a, b, c ∈ Z and c 6= 0. Let [x] be the greatest integer not exceeding x, and let
Dn =
n∑
k=0
(
n
k
)2(2k
k
)(
2n − 2k
n− k
)
, Tn =
n∑
k=0
(
n
k
)2(2k
n
)2
,
bn =
[n/3]∑
k=0
(
2k
k
)(
3k
k
)(
n
3k
)(
n+ k
k
)
(−3)n−3k.
Then {An}, {Dn}, {bn} and {Tn} are Ape´ry-like numbers of the first kind with (a, b, c) =
(17, 5, 1), (10, 4, 64), (−7,−3, 81), (12, 4, 16), respectively. The numbers {Dn} are called
Domb numbers, and {bn} are called Almkvist-Zudilin numbers. For {An}, {Dn}, {bn} and
{Tn} see A005259, A002895, A125143 and A290575 in Sloane’s database “The On-Line
Encyclopedia of Integer Sequences”. For the congruences involving Tn see the author’s
recent paper [S10].
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In 2009 Zagier [Z] studied the Ape´ry-like numbers {un} of the second kind given by
(1.2) u0 = 1, u1 = b and (n+ 1)
2un+1 = (an(n+ 1) + b)un − cn
2un−1 (n ≥ 1),
where a, b, c ∈ Z and c 6= 0. Let
fn =
n∑
k=0
(
n
k
)3
=
n∑
k=0
(
n
k
)2(2k
n
)
,
Sn =
[n/2]∑
k=0
(
2k
k
)2( n
2k
)
4n−2k =
n∑
k=0
(
n
k
)(
2k
k
)(
2n− 2k
n− k
)
,
an =
n∑
k=0
(
n
k
)2(2k
k
)
, Qn =
n∑
k=0
(
n
k
)
(−8)n−kfk,
Wn =
[n/3]∑
k=0
(
2k
k
)(
3k
k
)(
n
3k
)
(−3)n−3k.
Zagier [Z] stated that {A′n}, {fn}, {Sn}, {an}, {Qn} and {Wn} are Ape´ry-like se-
quences of the second kind with (a, b, c) = (11, 3,−1), (7, 2,−8), (12, 4, 32), (10, 3, 9), (−17,
−6, 72), (−9, −3, 27), respectively. The sequence {fn} is called Franel numbers. In
[JS,S8,S9,S11] the author systematically investigated identities and congruences for sums
involving Sn, fn or Wn. For {A
′
n}, {fn}, {Sn}, {an}, {Qn} and {Wn} see A005258,
A000172, A081085, A002893, A093388 and A291898 in Sloane’s database “The On-Line
Encyclopedia of Integer Sequences”.
Ape´ry-like numbers have fascinating properties and they are concerned with Picard-
Fuchs differential equation, modular forms, hypergeometric series, elliptic curves, series for
1
pi , supercongruences, binary quadratic forms, combinatorial identities, Bernoulli numbers
and Euler numbers. See for example [AO], [AZ], [B1]-[B2], [CCS], [CZ], [CTYZ], [GMY],
[SB] and [Z].
In this paper we mainly investigate identities and congruences for two Ape´ry-like
sequences {Gn} and {Vn} originated from [AZ]. See A143583 and A036917 in Sloane’s
database “The On-Line Encyclopedia of Integer Sequences”. For n = 0, 1, 2, . . . let
(1.3) Gn =
n∑
k=0
(
2k
k
)2(2n − 2k
n− k
)
4n−k, Vn =
n∑
k=0
(
2k
k
)2(2n− 2k
n− k
)2
.
Using Maple one can check that
(n+ 1)2Gn+1 = (32n(n + 1) + 12)Gn − 256n
2Gn−1 (n ≥ 1),(1.4)
(n+ 1)3Vn+1 = (2n + 1)(16n(n + 1) + 8)Vn − 256n
3Vn−1 (n ≥ 1).(1.5)
Thus, {Gn} is an Ape´ry-like sequence of the second kind with (a, b, c) = (32, 12, 256), and
{Vn} is an Ape´ry-like sequence of the first kind with (a, b, c) = (16, 8, 256). The first few
values of Gn and Vn are shown below:
G0 = 1, G1 = 12, G2 = 164, G3 = 2352, G4 = 34596, G5 = 516912, G6 = 7806224,
V0 = 1, V1 = 8, V2 = 88, V3 = 1088, V4 = 14296, V5 = 195008, V6 = 2728384.
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For positive integers a, b and n, if n = ax2 + by2 for some integers x and y, we briefly
write that n = ax2 + by2. In Section 2 we obtain new expressions and congruences for
Gn. In particular, for any prime p > 3,
Gp−1 ≡ (−1)
p−1
2 256p−1 (mod p2),
p−1∑
n=0
Gn
16n
≡ 0 (mod p2),
Gp−1
2
≡
{
4px2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
(
2n
n
)
Gn
128n
≡
{
4x2 − 2p (mod p2) if p ≡ 1, 3 (mod 8) and so p = x2 + 2y2,
0 (mod p2) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
(2n
n
)
nGn
128n
≡ 0 (mod p2),
p−1∑
n=0
(2n
n
)
Gn
48n
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p2) if p ≡ 2 (mod 3).
Section 3 is devoted to the properties of Vn. We show that
Vn =
n∑
k=0
(
n
k
)(
n+ k
k
)
(−16)n−kGk,
and for any prime p > 3,
Vp−1 ≡ 256
p−1 (mod p3),
p−1∑
n=1
Vn
16n
≡
7
2
p3Bp−3 (mod p
4),
p−1∑
n=0
Vn
(−16)n
≡
{
4x2 − 2p (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p) if p ≡ 3 (mod 4),
where {Bn} are Bernoulli numbers given by
B0 = 1 and
n−1∑
k=0
(
n
k
)
Bk = 0 (n ≥ 2).
In Section 4 we prove several congruences involving bn, A
′
n, Sn and Qn. In particular,
we show that for any prime p > 3,
bp−1 ≡ 81
p−1 (mod p3),
p−1∑
n=1
nSn
8n
≡ 0 (mod p2),
p−1∑
n=0
Qn
(−8)n
≡ 1 (mod p2),
p−1∑
n=0
Qn
(−9)n
≡
(p
3
)
(mod p2),
where
(
a
p
)
is the Legendre symbol.
For a prime p let Zp be the set of rational numbers whose denominator is not divisible
by p. For an odd prime and a ∈ Zp set qp(a) = (a
p−1 − 1)/p. For n ∈ Z+ define
3
Hn = 1 +
1
2 + · · ·+
1
n and H
(r)
n = 1 +
1
2r + · · ·+
1
nr for r ∈ Z
+. The Euler numbers {En}
are defined by
E2n−1 = 0, E0 = 1, E2n = −
n∑
k=1
(
2n
2k
)
E2n−2k (n ≥ 1).
For congruences involving Bn and En see [S1-S2].
2. Identities and congruences involving Gn
Recall that
Gn =
n∑
k=0
(
2k
k
)2(2n− 2k
n− k
)
4n−k (n = 0, 1, 2, . . .).
Theorem 2.1. For n = 0, 1, 2, . . .,
Gn =
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16n−k.
Proof. Set
G′n =
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16n−k.
Then G′0 = 1 = G0 and G
′
1 = 12 = G1. Using sumtools in Maple we find that
(n+ 1)2G′n+1 = (32n(n + 1) + 12)G
′
n − 256n
2G′n−1 (n ≥ 1).
Thus, applying (1.4) yields G′n = Gn for n = 0, 1, 2, . . .. This proves the theorem.
Theorem 2.2. Let p be a prime with p > 3. Then
Gp−1 ≡ (−1)
p−1
2 256p−1 + p2
(
Ep−3 − 8(−1)
p−1
2 qp(2)
2 +
1
2
p−1
2∑
k=0
(2k
k
)2
16k
H2k
)
(mod p3).
and
Gp−1
2
≡
{
4px2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4).
Proof. By [S2, Lemma 2.9], for 1 ≤ k ≤ p− 1,
(
p− 1
k
)
≡ 1− pHk +
p2
2
(
H2k −H
(2)
k
)
(mod p3).
Thus, from Theorem 2.1 we derive that
Gp−1 =
p−1∑
k=0
(
p− 1
k
)
(−1)k
(
2k
k
)2
16p−1−k ≡ 16p−1
p−1∑
k=0
(
1−pHk+
p2
2
(
H2k−H
(2)
k
))(2k
k
)2
16k
(mod p3).
By [Su1, (1.7) and (1.9)],
p−1∑
k=0
(2k
k
)2
16k
≡ (−1)
p−1
2 − p2Ep−3 (mod p
3).
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By [Su7, Theorem 4.1] and [S1],
p−1
2∑
k=0
(2k
k
)2
16k
Hk ≡ 2(−1)
p−1
2 H p−1
2
≡ (−1)
p−1
2 (−4qp(2) + 2pqp(2)
2) (mod p2),
p−1
2∑
k=0
(2k
k
)2
16k
H
(2)
k ≡ −4Ep−3 (mod p).
Thus,
Gp−1 ≡ 16
p−1
(
(−1)
p−1
2 − p2Ep−3 − (−1)
p−1
2 p(−4qp(2) + 2pqp(2)
2)
−
p2
2
(−4Ep−3) +
p2
2
p−1∑
k=0
(2k
k
)2
16k
H2k
)
≡ 16p−1
(
(−1)
p−1
2 (1 + 4pqp(2)) + p
2(Ep−3 − 2(−1)
p−1
2 qp(2)
2) +
p2
2
p−1∑
k=0
(2k
k
)2
16k
H2k
)
≡ 16p−1
(
(−1)
p−1
2 (1 + pqp(2))
4 + p2(Ep−3 − 8(−1)
p−1
2 qp(2)
2) +
p2
2
p−1∑
k=0
(2k
k
)2
16k
H2k
)
≡ (−1)
p−1
2 256p−1 + p2
(
Ep−3 − 8(−1)
p−1
2 qp(2)
2 +
1
2
p−1
2∑
k=0
(2k
k
)2
16k
H2k
)
(mod p3).
On the other hand, from Theorem 2.1 and [S3, Lemma 2.4],
Gp−1
2
=
(p−1)/2∑
k=0
(p−1
2
k
)
(−1)k
(
2k
k
)2
16
p−1
2
−k ≡
(p−1)/2∑
k=0
(2k
k
)
4k
(
1− p
k∑
i=1
1
2i− 1
)(2k
k
)2
16
p−1
2
−k
= 4p−1
(p−1)/2∑
k=0
(
2k
k
)3
64k
(
1− p
k∑
i=1
1
2i− 1
)
≡ 4p−1
p−1∑
k=0
(
2k
k
)3
64k
(
1− p
k∑
i=1
1
2i− 1
)
(mod p2).
It is well known (see [A]) that
p−1∑
k=0
(2k
k
)3
64k
≡
{
4x2 − 2p (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p2) if p ≡ 3 (mod 4).
By [T2, Theorem 5.2],
p−1∑
k=0
(
2k
k
)3
64k
k∑
i=1
1
2i− 1
≡ 0 (mod p).
Thus,
Gp−1
2
≡ 4p−1
p−1∑
k=0
(2k
k
)3
64k
≡
{
4p−1(4x2 − 2p) ≡ 4px2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4).
This completes the proof.
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Lemma 2.1 ([Su6, Lemma 2.2]). For n = 0, 1, 2, . . .,
(
2n
n
)
Gn =
n∑
k=0
(
2k
k
)2(4k
2k
)(
k
n− k
)
(−64)n−k.
Theorem 2.3. Let p be an odd prime, m ∈ Zp and m 6≡ 0 (mod p). Then
p−1∑
n=0
(2n
n
)
Gn
mn
≡
(p−1)/2∑
k=0
(
2k
k
)2(4k
2k
)(m− 64
m2
)k
≡
( p−1∑
k=0
(2k
k
)(4k
2k
)
mk
)2
(mod p2).
Proof. Note that p |
(
2k
k
)
for p2 < k < p. By Lemma 2.1, for c0, c1, . . . , cp−1 ∈ Zp,
p−1∑
n=0
(
2n
n
)
cnGn
mn
=
p−1∑
n=0
cn
n∑
k=0
(2k
k
)2(4k
2k
)
(−64)k
(
k
n− k
)(−64
m
)n
=
p−1∑
k=0
(2k
k
)2(4k
2k
)
(−64)k
p−1∑
n=k
(
k
n− k
)
cn
(−64
m
)n
=
p−1∑
k=0
(
2k
k
)2(4k
2k
)
(−64)k
p−1−k∑
r=0
(
k
r
)
ck+r
(−64
m
)k+r
=
p−1∑
k=0
(
2k
k
)2(4k
2k
)
mk
p−1−k∑
r=0
(
k
r
)
ck+r
(−64
m
)r
≡
(p−1)/2∑
k=0
(2k
k
)2(4k
2k
)
mk
k∑
r=0
(
k
r
)
ck+r
(−64
m
)r
(mod p2).
Thus, applying [S4, Theorem 4.1],
p−1∑
n=0
(2n
n
)
Gn
mn
≡
(p−1)/2∑
k=0
(2k
k
)2(4k
2k
)
mk
(
1−
64
m
)k
≡
( p−1∑
k=0
(2k
k
)(4k
2k
)
mk
)2
(mod p2).
This completes the proof.
Theorem 2.4. Let p be an odd prime. Then
p−1∑
n=0
(2n
n
)
Gn
128n
≡
{
4x2 − 2p (mod p2) if p ≡ 1, 3 (mod 8) and so p = x2 + 2y2,
0 (mod p2) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
(
2n
n
)
nGn
128n
≡ 0 (mod p2).
Proof. Taking m = 128 in Theorem 2.3 and then applying [S4, Theorem 4.3, (1.6) and
Lemma 2.2] yields the first congruence. By the proof of Theorem 2.3,
p−1∑
n=0
(2n
n
)
nGn
128n
≡
(p−1)/2∑
k=0
(2k
k
)2(4k
2k
)
128k
k∑
r=0
(
k
r
)
k + r
(−2)r
(mod p2).
Note that
k∑
r=0
(
k
r
)
k + r
(−2)r
= k
k∑
r=0
(
k
r
)
1
(−2)r
−
k
2
k∑
r=1
(
k − 1
r − 1
)
1
(−2)r−1
=
k
2k
−
k
2
·
1
2k−1
= 0.
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We then obtain the second congruence.
Theorem 2.5. Let p > 3 be a prime. Then
p−1∑
n=0
(
2n
n
)
Gn
72n
≡
{
4x2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
(2n
n
)
Gn
576n
≡
{
4x2 (mod p) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
(2n
n
)
Gn
48n
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
(
2n
n
)
Gn
(−192)n
≡
{
4x2 (mod p) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
(2n
n
)
Gn
63n
≡
p−1∑
n=0
(2n
n
)
Gn
(−4032)n
≡
{
4x2 (mod p) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
0 (mod p2) if p ≡ 3, 5, 6 (mod 7).
Proof. This is immediate from Theorem 2.3, [S4, Theorems 2.2-2.4] and [WS, Remarks
5.1 and 5.2].
Theorem 2.6. Let p be an odd prime. Then
p−1∑
n=0
Gn
16n
≡ p2
(
1−
p−1
2∑
k=0
(
2k
k
)2
16k(k + 1)
Hk
)
(mod p3).
Proof. From [G, (1.52)],
(2.1)
m∑
n=r
(
n
r
)
=
(
m+ 1
r + 1
)
.
By Theorem 2.1 and (2.1),
p−1∑
n=0
Gn
16n
=
p−1∑
n=0
p−1∑
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16k
=
p−1∑
k=0
(
2k
k
)2
(−16)k
p−1∑
n=k
(
n
k
)
=
p−1∑
k=0
(
2k
k
)2
(−16)k
(
p
k + 1
)
=
p−1∑
k=0
(
2k
k
)2
(−16)k
·
p
k + 1
(
p− 1
k
)
≡
p−1
2∑
k=0
(
2k
k
)2
(−16)k
·
p
k + 1
(
p− 1
k
)
+
(2(p−1)
p−1
)2
16p−1
≡ p
p−1
2∑
k=0
(2k
k
)2
16k(k + 1)
(1− pHk) +
p2
(2p − 1)2
·
(2p−1
p−1
)2
16p−1
≡ p
p−1
2∑
k=0
(2k
k
)2
16k(k + 1)
− p2
p−1
2∑
k=0
(2k
k
)2
16k(k + 1)
Hk + p
2 (mod p3).
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From [G, (3.100)] we know that
(2.2)
n∑
k=0
(
2k
k
)
(−1)k
(
n+ k
2k
)
1
k + b
= (−1)n
(b− 1)(b− 2) · · · (b− n)
b(b+ 1) · · · (b+ n)
.
From [S3, Lemma 2.2],
(2.3)
(2k
k
)
(−16)k
≡
(p−1
2 + k
2k
)
(mod p2) for k = 1, 2, . . . ,
p− 1
2
.
Appealing to (2.2) and (2.3),
p−1
2∑
k=0
(2k
k
)2
16k
·
p
k + 1
≡
p−1
2∑
k=0
(
2k
k
)
(−1)k
(p−1
2 + k
2k
)
p
k + 1
= 0 (mod p3).
Combining the above prove the theorem.
Theorem 2.7. Let p be an odd prime, m ∈ Zp, m 6≡ 0 (mod p) and t = 1−
32
m . Then
p−1∑
n=0
Gn
mn
≡
(m(m− 16)
p
) p−12∑
k=0
(
2k
k
)2
mk
≡ −
(−3(1 + t)
p
) p−1∑
x=0
(x3 − 3(t2 + 3)x+ 2t(t2 − 9)
p
)
(mod p).
Proof. Clearly,
p−1∑
n=0
Gn
mn
=
p−1∑
n=0
n∑
k=0
(
2k
k
)2(2(n − k)
n− k
)
4n−k
mn
=
p−1∑
k=0
(2k
k
)2
mk
p−1∑
n=k
(
2(n− k)
n− k
)( 4
m
)n−k
=
p−1∑
k=0
(
2k
k
)2
mk
p−1−k∑
r=0
(
2r
r
)( 4
m
)r
=
p−1∑
k=0
(
2k
k
)2
mk
p−1−k∑
r=0
(
−12
r
)(
−
16
m
)r
≡
(p−1)/2∑
k=0
(2k
k
)2
mk
p−1−k∑
r=0
(
−12
r
)(
−
16
m
)r
≡
(p−1)/2∑
k=0
(2k
k
)2
mk
(p−1)/2∑
r=0
(p−1
2
r
)(
−
16
m
)r
=
(
1−
16
m
) p−1
2
(p−1)/2∑
k=0
(2k
k
)2
mk
≡
(m(m− 16)
p
) (p−1)/2∑
k=0
(2k
k
)2
mk
(mod p).
Now applying [S3, Theorem 2.11] yields the result.
Theorem 2.8. Let p be an odd prime. Then
p−1∑
n=0
Gn
(−16)n
≡ (−1)
p−1
4
p−1∑
n=0
Gn
8n
≡ (−1)
p−1
4
p−1∑
n=0
Gn
32n
≡
{
2x (mod p) if 4 | p− 1 and so p = x2 + 4y2 with 4 | x− 1,
0 (mod p) if p ≡ 3 (mod 4).
Proof. Taking m = −16, 8, 32 in Theorem 2.7 and then applying [S3, Theorems 2.2,2.9
and Corollary 2.3] yields the result.
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Conjecture 2.1. For any prime p > 3,
Gp−1 ≡ (−1)
p−1
2 256p−1 + 3p2Ep−3 (mod p
3).
Conjecture 2.2. For any odd prime p,
p−1∑
n=0
Gn
16n
≡
(
4(−1)
p−1
2 − 3
)
p2 (mod p3).
Conjecture 2.3. Let p be an odd prime. Then
p−1∑
n=0
Gn
(−16)n
≡


2x−
p
2x
(mod p2) if 4 | p− 1, p = x2 + 4y2 and 4 | x− 1,
p
(p−3
2
p−3
4
)−1
(mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
Gn
8n
≡


(−1)
p−1
4 (2x−
p
2x
) (mod p2) if 4 | p− 1, p = x2 + 4y2 and 4 | x− 1,
(−1)
p+1
4
3
2
p
(p−3
2
p−3
4
)−1
(mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
Gn
32n
≡


(−1)
p−1
4 (2x−
p
2x
) (mod p2) if 4 | p− 1, p = x2 + 4y2 and 4 | x− 1,
(−1)
p−3
4
p
2
(p−3
2
p−3
4
)−1
(mod p2) if p ≡ 3 (mod 4).
Conjecture 2.4. Let p > 3 be a prime. Then
p−1∑
n=0
(2n
n
)
nGn
72n
≡ −8
p−1∑
n=0
(2n
n
)
nGn
576n
≡


4x2 − 3p (mod p2)
if p = x2 + 4y2 ≡ 1 (mod 4),
p (mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
(2n
n
)
nGn
48n
≡ 4
p−1∑
n=0
(2n
n
)
nGn
(−192)n
≡


3p − 4x2 (mod p2)
if p = x2 + 3y2 ≡ 1 (mod 3),
−p (mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
(2n
n
)
nGn
63n
≡ 64
p−1∑
n=0
(2n
n
)
nGn
(−4032)n
≡


−8(4x2 − 3p) (mod p2)
if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−8p (mod p2) if p ≡ 3, 5, 6 (mod 7)
and
p−1∑
n=0
(2n
n
)
Gn
128n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
1
3
p2
(
[p/4]
[p/8]
)−2
(mod p3) if p ≡ 5 (mod 8),
−
3
2
p2
(
[p/4]
[p/8]
)−2
(mod p3) if p ≡ 7 (mod 8).
Conjecture 2.5. Let p be an odd prime and m, r ∈ Z+. Then
Gmpr ≡ Gmpr−1 (mod p
2r).
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Conjecture 2.6. Suppose that p is a prime with p ≡ 3 (mod 4) , m ∈ {1, 3, 5, . . .}
and r ∈ {2, 3, 4, . . .}. Then
Gmpr−1
2
≡ p2Gmpr−2−1
2
(mod p2r−1).
Conjecture 2.7. Suppose that p is a prime of the form 4k + 1, p = x2 + 4y2 ,
m ∈ {1, 3, 5, . . .} and r ∈ {2, 3, 4, . . .}. Then
Gmpr−1
2
≡ (4x2 − 2p)Gmpr−1−1
2
− p2Gmpr−2−1
2
(mod pr).
3. Congruences for {Vn}
Recall that
Vn =
n∑
k=0
(
2k
k
)2(2n − 2k
n− k
)2
.
By [W],
(3.1) Vn =
n∑
k=0
(
2k
k
)(
n
k
)(
n+ k
k
)
(−1)k16n−k =
n∑
k=0
(
2k
k
)3(n+ k
2k
)
(−1)k16n−k.
Theorem 3.1. For any nonnegative integer n,
Vn =
n∑
k=0
(
n
k
)(
n+ k
k
)
(−16)n−kGk.
Proof. By Theorem 2.1, Gn =
∑n
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16n−k. Applying the binomial
inversion formula,
n∑
k=0
(
n
k
)
(−1)k
Gk
16k
=
(2n
n
)2
16n
.
Hence, from [S7, Theorem 2.2] we deduce
n∑
k=0
(
n
k
)(
n+ k
k
)
Gk
(−16)k
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)n−k
k∑
s=0
(
k
s
)
Gs
(−16)s
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)n−k
(
2k
k
)2
16k
=
n∑
k=0
(
2k
k
)3(n+ k
2k
)
(−1)n
(−16)k
.
Thus, appealing to (3.1),
n∑
k=0
(
n
k
)(
n+ k
k
)
(−16)n−kGk =
n∑
k=0
(
2k
k
)3(n+ k
2k
)
(−1)k16n−k = Vn.
This completes the proof.
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Theorem 3.2. For |x| < 116 ,
∞∑
n=0
Vnx
n =
1
1− 16x
∞∑
k=0
(
2k
k
)3( −x
(1− 16x)2
)k
.
Proof. By (3.1), for |x| < 116 ,
∞∑
n=0
Vnx
n
=
∞∑
n=0
n∑
k=0
(
2k
k
)3(n+ k
2k
)
(−1)k16n−kxn =
∞∑
k=0
(
2k
k
)3
(−x)k
∞∑
n=k
(
n+ k
n− k
)
(16x)n−k
=
∞∑
k=0
(
2k
k
)3
(−x)k
∞∑
r=0
(
2k + r
r
)
(16x)r =
∞∑
k=0
(
2k
k
)3
(−x)k
∞∑
r=0
(
−2k − 1
r
)
(−16x)r
=
∞∑
k=0
(
2k
k
)3
(−x)k(1− 16x)−2k−1 =
1
1− 16x
∞∑
k=0
(
2k
k
)3( −x
(1− 16x)2
)k
.
Theorem 3.3. Let p be a prime with p > 3. Then
Vp−1 ≡ 256
p−1 (mod p3).
Proof. Note that p |
(2k
k
)
for p2 < k < p. From (3.1),
Vp−1 =
p−1∑
k=0
(
2k
k
)3(p− 1 + k
2k
)
(−1)k16p−1−k ≡ 16p−1
(p−1)/2∑
k=0
(2k
k
)3
(−16)k
(
p− 1 + k
2k
)
= 16p−1 + 16p−1
(p−1)/2∑
k=1
(2k
k
)3
(−16)k
·
p(p− k)(p2 − 12)(p2 − 22) · · · (p2 − (k − 1)2)
(2k)!
≡ 16p−1 + 16p−1
(p−1)/2∑
k=1
(2k
k
)3
(−16)k
·
p(p− k)(−1)k−1k!2
k2 · (2k)!
= 16p−1
(
1− p2
(p−1)/2∑
k=1
(2k
k
)2
16kk2
+ p
(p−1)/2∑
k=1
(2k
k
)2
16kk
)
(mod p3).
By [T1] or [S10, p.1692],
(p−1)/2∑
k=1
(
2k
k
)2
16kk2
≡ −8qp(2)
2 (mod p),
(p−1)/2∑
k=1
(
2k
k
)2
16kk
≡ 4qp(2)− 2pqp(2)
2 (mod p2).
Hence
Vp−1 ≡ 16
p−1
(
1− p2(−8qp(2)
2) + p(4qp(2)− 2pqp(2)
2)
)
= 16p−1
(
1 + 4pqp(2) + 6p
2qp(2)
2
)
≡ 16p−1(1 + pqp(2))
4 = 256p−1 (mod p3)
as claimed.
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Theorem 3.4. Let p be an odd prime, m ∈ Zp and m 6≡ 0,±16 (mod p). Then
p−1∑
n=0
Vn
mn
≡
p−1∑
k=0
(
2k
k
)
Gk
(32 +m+ 256/m)k
≡
p−1
2∑
k=0
(2k
k
)3
(32 −m− 256/m)k
(mod p).
Proof. By (3.1),
p−1∑
n=0
Vn
mn
=
p−1∑
n=0
n∑
k=0
(
2k
k
)3(n+ k
2k
)
(−1)k
16n−k
mn
=
p−1∑
k=0
(
2k
k
)3
(−m)k
p−1∑
n=k
(
n+ k
n− k
)(16
m
)n−k
=
p−1∑
k=0
(2k
k
)3
(−m)k
p−1−k∑
r=0
(
2k + r
r
)(16
m
)r
=
p−1∑
k=0
(2k
k
)3
(−m)k
p−1−k∑
r=0
(
−2k − 1
r
)(−16
m
)r
≡
(p−1)/2∑
k=0
(
2k
k
)3
(−m)k
p−1−k∑
r=0
(
p− 1− 2k
r
)(−16
m
)r
=
(p−1)/2∑
k=0
(
2k
k
)3
(−m)k
(
1−
16
m
)p−1−2k
≡
(p−1)/2∑
k=0
(
2k
k
)3( 1
−m(1− 16/m)2
)k
=
(p−1)/2∑
k=0
(2k
k
)3
(32−m− 256/m)k
(mod p).
On the other hand, from [S8, Lemma 2.4], for u 6≡ 1 (mod p),
p−1∑
n=0
un
n∑
k=0
(
n
k
)(
n+ k
k
)
ck ≡
p−1∑
k=0
(
2k
k
)( u
(1− u)2
)k
ck (mod p).
Since Vn(−16)n =
∑n
k=0
(
n
k
)(
n+k
k
)
Gk
(−16)k
by Theorem 3.1, taking ck =
Gk
(−16)k
and u = −16m
yields
p−1∑
n=0
Vn
mn
=
p−1∑
n=0
(−16
m
)n n∑
k=0
(
n
k
)(
n+ k
k
)
Gk
(−16)k
≡
p−1∑
k=0
(
2k
k
)( −16/m
(1 + 16/m)2
)k Gk
(−16)k
=
p−1∑
k=0
(
2k
k
)
Gk
(m+ 32 + 256/m)k
(mod p).
This proves the theorem.
Theorem 3.5. Let p be an odd prime. Then
p−1∑
n=0
Vn
8n
≡
p−1∑
n=0
Vn
32n
≡
{
4x2 (mod p) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p) if p ≡ 3 (mod 4)
and
p−1∑
n=0
Vn
(−16)n
≡
{
4x2 − 2p (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p) if p ≡ 3 (mod 4).
Proof. Taking m = 8 and 32 in Theorem 3.4 gives
p−1∑
n=0
Vn
8n
≡
p−1∑
n=0
Vn
32n
≡
p−1∑
k=0
(
2k
k
)
Gk
72k
(mod p).
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Now applying Theorem 2.5 yields the first congruence.
By Theorem 3.1, Vn(−16)n =
∑n
k=0
(n
k
)(n+k
k
)
Gk
(−16)k
. Taking ck =
Gk
(−16)k
in [S9, Lemma
2.2] gives
p−1∑
n=0
Vn
(−16)n
≡
p−1∑
k=0
p
2k + 1
·
Gk
16k
=
Gp−1
2
16
p−1
2
+ p
p−3
2∑
k=0
( Gk
16k(2k + 1)
+
Gp−1−k
16p−1−k(2(p − 1− k) + 1)
)
(mod p3).
By [S11, Theorem 3.1] and Theorem 2.2,
Gn ≡ Gp−1256
nGp−1−n ≡ (−1)
p−1
2 256nGp−1−n (mod p) for n = 0, 1, . . . , p − 1.
Hence
p−1∑
n=0
Vn
(−16)n
≡
Gp−1
2
16
p−1
2
+ p
p−3
2∑
k=0
( Gk
16k(2k + 1)
−
256kGp−1−k
16k(2k + 1)
)
≡
Gp−1
2
4p−1
+ p
p−3
2∑
k=0
( Gk
16k(2k + 1)
− (−1)
p−1
2
Gk
16k(2k + 1)
)
(mod p2).
Now applying Theorem 2.2 gives
p−1∑
n=0
Vn
(−16)n
≡


Gp−1
2
4p−1
≡
4px2 − 2p
4p−1
≡ 4x2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
Gp−1
2
4p−1
≡ 0 (mod p) if p ≡ 3 (mod 4).
This completes the proof.
Theorem 3.6. Let p be an odd prime. Then
p−1∑
n=1
Vn
16n
≡
7
2
p3Bp−3 (mod p
4).
Proof. By (3.1),
p−1∑
n=0
Vn
16n
=
p−1∑
n=0
n∑
k=0
(
2k
k
)3(n+ k
2k
)
1
(−16)k
=
p−1∑
k=0
(2k
k
)3
(−16)k
p−1∑
n=k
(
n+ k
2k
)
=
p−1∑
k=0
(2k
k
)3
(−16)k
(
p+ k
2k + 1
)
=
p−1∑
k=0
(2k
k
)3
(−16)k
·
p
(2k + 1)!
(p2 − 12) · · · (p2 − k2)
≡
p−1∑
k=0
(2k
k
)3
(−16)k
·
p
(2k + 1)!
(−12)(−22) · · · (−k2)(1− p2H
(2)
k )
=
p−1∑
k=0
(2k
k
)2
16k
·
p
2k + 1
(1− p2H
(2)
k ) (mod p
4).
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By [Su5, Theorem 1.2],
p−3
2∑
k=0
(2k
k
)2
(2k + 1)16k
≡ −2qp(2) − pqp(2)
2 +
5
12
p2Bp−3 (mod p
3),
p−1∑
k= p+1
2
(2k
k
)2
(2k + 1)16k
≡ −
7
4
p2Bp−3 (mod p
3).
By [S1, Theorem 5.2 and Corollary 5.2],
H p−1
2
≡ −2qp(2) + pqp(2)
2 −
2
3
p2qp(2)
3 −
7
12
p2Bp−3 (mod p
3),
H
(2)
p−1
2
≡
7
3
pBp−3 (mod p
2), H
(3)
p−1
2
≡ −2Bp−3 (mod p).
Appealing to [S2, Lemma 2.9],
(−1)
p−1
2
(
p− 1
p−1
2
)
≡ 1− pH p−1
2
+
p2
2
(
H2p−1
2
−H
(2)
p−1
2
)
−
p3
6
(
H3p−1
2
− 3H p−1
2
H
(2)
p−1
2
+ 2H
(3)
p−1
2
)
≡ 1 + 2pqp(2) − p
2qp(2)
2 +
2
3
p3qp(2)
3 +
7
12
p3Bp−3
+
p2
2
(
(−2qp(2) + pqp(2)
2)2 −
7
3
pBp−3
)
−
p3
6
(
(−2qp(2))
3 + 2(−2Bp−3)
)
≡ 1 + 2pqp(2) + p
2qp(2)
2 +
p3
12
Bp−3 = 4
p−1 +
p3
12
Bp−3 (mod p
4).
Thus,
(p−1
p−1
2
)2
16
p−1
2
(
1− p2H
(2)
p−1
2
)
≡
(4p−1 + p
3
12Bp−3)
2
4p−1
(
1− p2 ·
7
3
pBp−3
)
≡ 4p−1−
13
6
p3Bp−3 (mod p
4).
Now, from the above we deduce that
p−1∑
n=0
Vn
16n
≡
p−1∑
k=0
k 6= p−1
2
(2k
k
)2
16k
·
p
2k + 1
(
1− p2H
(2)
k
)
+
(p−1
p−1
2
)2
16
p−1
2
(
1− p2H
(2)
p−1
2
)
≡ p
(
− 2qp(2) − pqp(2)
2 +
5
12
p2Bp−3 −
7
4
p2Bp−3
)
− p3
p−1∑
k=0
k 6= p−1
2
(
2k
k
)2
16k(2k + 1)
H
(2)
k + 4
p−1 −
13
6
p3Bp−3
≡ 1− p3
( p−32∑
k=0
(
2k
k
)2
16k(2k + 1)
H
(2)
k +
7
2
Bp−3
)
(mod p4).
In 2019, Mao, Wang and Wang [MWW] proved Z.W. Sun’s conjecture:
p−3
2∑
k=0
(2k
k
)2
16k(2k + 1)
H
(2)
k ≡ −7Bp−3 (mod p).
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Thus,
p−1∑
n=0
Vn
16n
≡ 1− p3
(
− 7Bp−3 +
7
2
Bp−3
)
≡ 1 +
7
2
p3Bp−3 (mod p
4).
This proves the theorem.
Remark 3.1 Let p be an odd prime. In [Su6], Z.W. Sun conjectured that
(3.2)
p−1∑
n=1
nVn
32n
≡ −2p3Ep−3 (mod p
4)
and proved the congruence modulo p3. (3.2) was solved by Mao and Cao in [MC]. In
[Su2], Z.W. Sun conjectured that
p−1∑
n=0
(n+ 1)
Vn
8n
≡ (−1)
p−1
2 p+ 5p3Ep−3 (mod p
4),(3.3)
p−1∑
n=0
(2n + 1)
Vn
(−16)n
≡ (−1)
p−1
2 p+ 3p3Ep−3 (mod p
4).(3.4)
These congruences were recently proved by Wang [W].
Based on calculations by Maple, we pose the following conjectures.
Conjecture 3.1. Let p be a prime with p > 3. Then
Vp−1 ≡ 256
p−1 −
3
2
p3Bp−3 (mod p
4).
Conjecture 3.2. Let p be a prime with p > 3. Then
p−1∑
n=0
Vn
8n
≡
p−1∑
n=0
Vn
(−16)n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p = x2 + 4y2 ≡ 1 (mod 4),
3
4
p2
(p−3
2
p−3
4
)−2
(mod p3) if p ≡ 3 (mod 4)
and
p−1∑
n=0
Vn
32n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 4y2 ≡ 1 (mod 4),
−
1
4
p2
(p−3
2
p−3
4
)−2
(mod p3) if p ≡ 3 (mod 4).
Conjecture 3.3. Let p > 3 be a prime and m, r ∈ Z+. Then
Vmpr ≡ Vmpr−1 + p
3r ·
Vmp − Vm
p3
(mod p3r+1).
Conjecture 3.4. Let p be an odd prime and m, r ∈ Z+. Then
Vmpr−1 ≡ 256
mpr−1(p−1)Vmpr−1−1 (mod p
3r).
Moreover, for p > 3,
Vmpr−1 − 256
mpr−1(p−1)Vmpr−1−1
p3r
≡
Vmp−1 − 256
m(p−1)Vm−1
p3
(mod p).
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4. Congruences for bn, An, Sn and Qn
Let {bn} be the Almkvist-Zudilin numbers. From [S6, (5.1) and (5.2)] or [CZ, Corollary
4.3] we know that
(4.1)
bn =
[n/3]∑
k=0
(
2k
k
)2(4k
2k
)(
n+ k
4k
)
(−3)n−3k
=
n∑
k=0
(
2k
k
)2(4k
2k
)(
n+ 3k
4k
)
(−27)n−k.
Theorem 4.1. Let p be a prime with p > 3. Then bp−1 ≡ 81
p−1 (mod p3).
Proof. For 1 ≤ k < p3 ,
(2k)!2
(
4k
2k
)(
p− 1 + k
4k
)
= (p+ k − 1)(p + k − 2) · · · (p+ 1)p(p − 1)(p − 2) · · · (p− 3k)
≡ p(k − 1)!(1 + pHk−1)(−1)
3k(3k)!(1 − pH3k)
= p · k!(3k)!
(−1)k
k
(1− p(H3k −Hk−1)) (mod p
3).
Thus, appealing to (4.1),
(4.2)
bp−1
3p−1
=
[p/3]∑
k=0
(
2k
k
)2(4k
2k
)(
p− 1 + k
4k
)
1
(−27)k
≡ 1 +
[p/3]∑
k=1
(−1)k · k!(3k)!
k · k!4
p(1− p(H3k −Hk−1))
1
(−27)k
= 1 + p
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
− p2
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
(H3k −Hk−1) (mod p
3).
On the other hand, from (4.1) we have
bp−1
27p−1
=
p−1∑
k=0
(
2k
k
)2(4k
2k
)(
p− 1 + 3k
4k
)
1
(−27)k
= 1 +
p−1∑
k=1
p(p− 1) · · · (p− k) · (p + 1)(p + 2) · · · (p+ 3k − 1)
k!4 · (−27)k
≡ 1 + 2p
p−1∑
k=[p/3]+1
(−1)(−2) · · · (−k) · 1 · 2 · · · (3k − 1)
k!4(−27)k
+ p
[p/3]∑
k=1
(−1)(−2) · · · (−k)(1 − pHk) · (3k − 1)!(1 + pH3k−1)
k!4(−27)k
≡ 1 + 2p
p−1∑
k=[p/3]+1
(3k)!
3k · k!3 · 27k
+ p
[p/3]∑
k=1
(3k)!
k!3 · 3k · 27k
(1 + p(H3k−1 −Hk))
16
= 1 +
2p
3
p−1∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
−
p
3
[p/3]∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
+
p2
3
[p/3]∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
(H3k−1 −Hk) (mod p
3).
Hence
bp−1
3p−1
+ 3 ·
bp−1
27p−1
≡ 1 + p
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
− p2
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
(H3k −Hk−1)
+ 3 + 2p
p−1∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
− p
[p/3]∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
+ p2
[p/3]∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
(H3k−1 −Hk)
= 4 + 2p
p−1∑
k=1
(2k
k
)(3k
k
)
k · 27k
− p2
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
(H3k −H3k−1 +Hk −Hk−1)
= 4 + 2p
p−1∑
k=1
(2k
k
)(3k
k
)
k · 27k
− p2
[p/3]∑
k=1
(2k
k
)(3k
k
)
k · 27k
( 1
3k
+
1
k
)
(mod p3)
and so
(4.3)
( 1
3p−1
+
3
27p−1
)
bp−1 ≡ 4 + 2p
p−1∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
−
4
3
p2
p−1∑
k=1
(
2k
k
)(
3k
k
)
k2 · 27k
(mod p3).
Set (x)k = x(x+1) · · · (x+k−1). It is evident that (x)k =
(
−x
k
)
(−1)kk! and so
( 1
3
)k(
2
3
)k
(1)2
k
=
(− 1
3
k
)(− 2
3
k
)
=
(2kk )(
3k
k )
27k
. Thus, from [T1] we deduce that
p−1∑
k=1
(2k
k
)(3k
k
)
k · 27k
≡ −qp
( 1
27
)
+
p
2
qp
( 1
27
)2
(mod p2),
p−1∑
k=1
(2k
k
)(3k
k
)
k2 · 27k
≡ −
1
2
qp
( 1
27
)2
(mod p).
It is easy to see that
qp
( 1
27
)
=
(
1
27
)p−1
− 1
p
=
1− (1 + pqp(3))
3
p(1 + pqp(3))3
= −
3qp(3) + 3pqp(3)
2 + p2qp(3)
3
1 + 3pqp(3) + 3p2qp(3)2 + p3qp(3)3
≡ −
3qp(3) + 3pqp(3)
2
1 + 3pqp(3)
≡ −3qp(3)(1 + pqp(3))(1 − 3pqp(3)) ≡ −3qp(3) + 6pqp(3)
2 (mod p2).
Hence
p−1∑
k=1
(
2k
k
)(
3k
k
)
k · 27k
≡ 3qp(3) − 6pqp(3)
2 +
9
2
pqp(3)
2 = 3qp(3)−
3
2
pqp(3)
2 (mod p2),(4.4)
p−1∑
k=1
(2k
k
)(3k
k
)
k2 · 27k
≡ −
9
2
qp(3)
2 (mod p).(4.5)
By (4.3)-(4.5),
3 + 9p−1
27p−1
bp−1 ≡ 4+2p(3qp(3)−
3
2
pqp(3)
2)−
4
3
p2
(
−
9
2
qp(3)
2
)
= 4+6pqp(3)+3p
2qp(3)
2 (mod p3).
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Since
1
3 + 9p−1
=
1
4 + 2pqp(3) + p2qp(3)2
=
2− pqp(3)
23 − p3qp(3)3
≡
2− pqp(3)
8
(mod p3),
From the above we deduce that
bp−1 ≡ 27
p−1 1
8
(2−pqp(3))(4+6pqp(3)+3p
2qp(3)
2) ≡ 27p−1(1+pqp(3)) = 81
p−1 (mod p3),
which completes the proof.
Remark 4.1 In [S11, Conjecture 4.1] the author conjectured that for any prime p > 3,
bp−1 ≡ 81
p−1 − 227p
3Bp−3 (mod p
4).
In [Su4], Z.W. Sun conjectured that for any prime p 6= 2, 11,
p−1∑
n=0
(
2n
n
)
A′n
4n
≡


x2 − 2p (mod p2) if (
p
11
) = 1 and so 4p = x2 + 11y2,
0 (mod p2) if (
p
11
) = −1.
Now we partially solve the conjecture.
Theorem 4.2. Let p be a prime with p 6= 2, 11. Then
p−1∑
n=0
(
2n
n
)
A′n
4n
≡


x2 (mod p) if (
p
11
) = 1 and so 4p = x2 + 11y2,
0 (mod p) if (
p
11
) = −1.
Prof. Using Vandermonde’s identity we see that for any nonnegative integer m,
m∑
n=0
(
m
n
)
(−1)m−n
n∑
k=0
(
n
k
)2(n+ k
k
)
=
m∑
n=0
n∑
k=0
(
m
k
)(
m− k
n− k
)(
2k
k
)(
n+ k
2k
)
(−1)m−n
=
m∑
k=0
(
m
k
)(
2k
k
)
(−1)m−k
m∑
n=k
(
m− k
n− k
)(
n+ k
2k
)
(−1)n−k
=
m∑
k=0
(
m
k
)(
2k
k
)
(−1)m−k
m−k∑
r=0
(
m− k
r
)(
2k + r
r
)
(−1)r
=
m∑
k=0
(
m
k
)(
2k
k
)
(−1)m−k
m−k∑
r=0
(
m− k
m− k − r
)(
−2k − 1
r
)
=
m∑
k=0
(
m
k
)(
2k
k
)
(−1)m−k
(
m− 3k − 1
m− k
)
=
m∑
k=0
(
m
k
)(
2k
k
)(
2k
m− k
)
=
m∑
k=0
(
m
k
)(
2(m− k)
m− k
)(
2m− 2k
k
)
.
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Note that p |
(
2k
k
)
for p2 < k < p and
(p−1
2
k
)
≡
(
2k
k
)
4−k (mod p) for k < p2 . Taking m =
p−1
2
in the above we deduce that
p−1∑
n=0
(
2n
n
)
A′n
4n
≡ (−1)
p−1
2
(p−1)/2∑
n=0
(p−1
2
n
)
(−1)
p−1
2
−nA′n
= (−1)
p−1
2
(p−1)/2∑
k=0
(p−1
2
k
)(
2(p−12 − k)
p−1
2 − k
)(
p− 1− 2k
k
)
≡ (−1)
p−1
2
(p−1)/2∑
k=0
(p−1
2
k
)( p−1
2
p−1
2 − k
)
(−4)
p−1
2
−k
(
−2k − 1
k
)
≡
(p−1)/2∑
k=0
(p−1
2
k
)2
4
p−1
2
−k
(
3k
k
)
≡
(p−1)/2∑
k=0
(2k
k
)2(3k
k
)
64k
≡
p−1∑
k=0
(2k
k
)2(3k
k
)
64k
(mod p).
Now applying [S5, Theorem 4.4] we deduce the result.
By [M, (1.2)],
Sn =
n∑
k=0
(
2k
k
)2( k
n− k
)
(−4)n−k.
It is clear that
p−1∑
n=0
cn
Sn
8n
=
p−1∑
n=0
cn
8n
n∑
k=0
(
2k
k
)2( k
n− k
)
(−4)n−k
=
p−1∑
k=0
(2k
k
)2
(−4)k
p−1∑
n=k
cn
(−2)n
(
k
n− k
)
=
p−1∑
k=0
(
2k
k
)2
(−4)k
p−1−k∑
r=0
ck+r
(−2)k+r
(
k
r
)
=
p−1∑
k=0
(
2k
k
)2
8k
p−1−k∑
r=0
(
k
r
)
ck+r
(−2)r
.
Thus,
(4.6)
p−1∑
n=0
cn
Sn
8n
=
(p−1)/2∑
k=0
(2k
k
)2
8k
k∑
r=0
(
k
r
)
ck+r
(−2)r
+
p−1∑
k=(p+1)/2
(2k
k
)2
8k
p−1−k∑
r=0
(
k
r
)
ck+r
(−2)r
.
Theorem 4.3. Let p be an odd prime. Then
p−1∑
n=1
nSn
8n
≡ 0 (mod p2).
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Proof. Observe that p |
(2k
k
)
for p2 < k < p. Taking cn = n in (4.6) gives
p−1∑
n=1
nSn
8n
≡
(p−1)/2∑
k=0
(
2k
k
)2
8k
k∑
r=0
(
k
r
)
k + r
(−2)r
=
(p−1)/2∑
k=0
(2k
k
)2
8k
(
k
k∑
r=0
(
k
r
)(
−
1
2
)r
−
k
2
k∑
r=1
(
k − 1
r − 1
)(
−
1
2
)r−1)
=
(p−1)/2∑
k=0
(2k
k
)2
8k
(
k ·
1
2k
−
k
2
·
1
2k−1
)
= 0 (mod p2),
which proves the theorem.
Conjecture 4.1. Let p be an odd prime. Then
p−1∑
n=1
nSn
8n
≡
{
0 (mod p3) if p ≡ 1 (mod 4),
2p2 (mod p3) if p ≡ 3 (mod 4).
Theorem 4.4. Let p > 3 be a prime. Then
p−1∑
n=0
Qn
(−8)n
≡ 1 (mod p2) and
p−1∑
n=0
Qn
(−9)n
≡
(p
3
)
(mod p2).
Proof. Since Qn =
∑n
k=0
(n
k
)
(−8)n−kfk, using (2.1) we see that
p−1∑
n=0
Qn
(−8)n
=
p−1∑
n=0
n∑
k=0
(
n
k
)
fk
(−8)k
=
p−1∑
k=0
fk
(−8)k
p−1∑
n=k
(
n
k
)
=
p−1∑
k=0
fk
(−8)k
(
p
k + 1
)
=
fp−1
(−8)p−1
+
p−2∑
k=0
fk
(−8)k
·
p
k + 1
(
p− 1
k
)
≡
fp−1
8p−1
+ p
p−2∑
k=0
fk
(k + 1)8k
=
fp−1
8p−1
+ p
p−1∑
k=1
fp−1−k
(p − k)8p−1−k
≡
fp−1
8p−1
− p
p−1∑
k=1
8kfp−1−k
k
(mod p2).
By [JV], fk ≡ (−8)
kfp−1−k (mod p). Thus,
p−1∑
n=0
Qn
(−8)n
≡
fp−1
8p−1
− p
p−1∑
k=1
(−1)k
fk
k
(mod p2).
By [Su3, Theorem 1.1 and Lemma 2.5],
fp−1 ≡ 1 + 3pqp(2) (mod p
2) and
p−1∑
k=1
(−1)k
fk
k
≡ 0 (mod p2).
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Thus,
p−1∑
n=0
Qn
(−8)n
≡
fp−1
8p−1
≡
1 + 3pqp(2)
(1 + pqp(2))3
≡ 1 (mod p2).
Note that
n∑
k=0
(
n
k
)
(−9)n−kak
=
n∑
k=0
(
n
k
)
(−1)n−kak
n−k∑
r=0
(
n− k
r
)
8r =
n∑
r=0
(
n
r
)
(−8)r
n−r∑
k=0
(
n− r
k
)
(−1)n−r−kak
=
n∑
r=0
(
n
r
)
(−8)rfn−r = Qn.
Using (2.1) we see that
p−1∑
n=0
Qn
(−9)n
=
p−1∑
n=0
n∑
k=0
(
n
k
)
ak
(−9)k
=
p−1∑
k=0
ak
(−9)k
p−1∑
n=k
(
n
k
)
=
p−1∑
k=0
ak
(−9)k
(
p
k + 1
)
=
p−1∑
k=0
ak
(−9)k
·
p
k + 1
(
p− 1
k
)
≡
ap−1
(−9)p−1
+
p−2∑
k=0
ak
9k
·
p
k + 1
=
ap−1
9p−1
+
p−1∑
r=1
ap−1−r
9p−1−r
·
p
p− r
≡
ap−1
9p−1
− p
p−1∑
r=1
9rap−1−r
r
(mod p2).
By [JV] or [S11, Theorem 3.1], ar ≡ (
p
3 )9
rap−1−r (mod p). By [Su8, Lemma 3.2], ap−1 ≡
(p3 )(1 + 2pqp(3)) ≡ (
p
3 )9
p−1 (mod p2). Taking x = 1 in [Su8, (3.6)] gives
∑p−1
r=1
ar
r ≡
0 (mod p). Now, from the above we deduce that
p−1∑
n=0
Qn
(−9)n
≡
ap−1
9p−1
− p
p−1∑
r=1
9rap−1−r
r
≡
(p
3
)
− p
(p
3
) p−1∑
r=1
ar
r
≡
(p
3
)
(mod p2).
This completes the proof.
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